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Regression model

y(xk):h(xk)—i—ek, k=-—n,...,n—1, (1.1)
where

hx) = 1xg(x) = [ flx=paly)ap. (12)

® fonction g : kernel is supposed known,

(Xk = kT/n),nSkS,,,1 where 0 < T < oo, fixed,

® (&k)—n<k<n—1 (noise) i.i.d. with E[ex] = 0 and Var(&) = 62 < oo, known,

f is the unknown function to be estimated.
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f is the unknown function to be estimated.

Special cases!
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Some references

If supp(f) N'supp(g) C (0, +oo( :

e Del et al (1998) study the problem for g(x) = be~#1,>¢ and using linear
differential equation.

e Abramovich et al (2013) summarize the problem to estimating h) by a kernel
method.

e Comte et al (2017) propose a projection method in the Laguerre basis.

RJCAF Regression and Deconvolution in fixed design 5 et 6 Dec. 2022

4/15



Some references

If supp(f) N'supp(g) C (0, +oo( :

e Del et al (1998) study the problem for g(x) = be~#1,>¢ and using linear
differential equation.

e Abramovich et al (2013) summarize the problem to estimating h) by a kernel
method.

e Comte et al (2017) propose a projection method in the Laguerre basis.

Goal : extend theses results to the case f # 0 and g # 0 on ) — 0, 0).

RJCAF Regression and Deconvolution in fixed design 5 et 6 Dec. 2022

4/15



Some references

If supp(f) N'supp(g) C (0, +oo( :

e Del et al (1998) study the problem for g(x) = be~#1,>¢ and using linear
differential equation.

e Abramovich et al (2013) summarize the problem to estimating h) by a kernel
method.

e Comte et al (2017) propose a projection method in the Laguerre basis.

Goal : extend theses results to the case f # 0 and g # 0 on ) — 0, 0).

Two estimations methods are considered :

® deconvolution-projection procedure,

® projection-projection procedure.
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Hermite basis

Define the Hermite basis (¢;);>0 from Hermite polynomials (H;);>o :

d )
(&), ¢g=@jvr) 2 j>o0.

() — oM. —x2/2 () — (1Y eX®
9i(x) = gH(x)e™ =, Hi(x)=(-1)e" 7

The Hermite polynomials (H;);>o :

/ Hi(x)Hi(x)e ™ dx = 2/j1\/78, .
R
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Note that :

9o =Vern(iye
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9j(x) = gH(x)e ™%, H(x) = (-1)e"

The Hermite polynomials (H;);>o :

/ Hi(x)Hi(x)e ™ dx = 2/j1\/78, .
R

Note that : '
(nD/?‘< =V 277,'(/)/qu
and ,
g <Ce ", |x|>V2j+1 ¢ {>o.

RJCAF Regression and Deconvolution in fixed design 5 et 6 Dec. 2022

(), g=(@r)"? j>o

5/15



Hermite basis

Define the Hermite basis (¢;);>0 from Hermite polynomials (H;);>o :

N e 2 () — ()
9j(x) = gH(x)e ™%, H(x) = (-1)e"

The Hermite polynomials (H;);>o :

/ Hi(x)Hi(x)e ™ dx = 2/j1\/78, .
R

Note that : '
(nD/?‘< =V 277,'(/)/qu
and ,
g <Ce ", |x|>V2j+1 ¢ {>o.

RJCAF Regression and Deconvolution in fixed design 5 et 6 Dec. 2022

(), g=(@r)"? j>o

5/15



Estimation procedure Fourier-Hermite approach

Assumptions

(A1) fand f* belong to L'(R) where t*(u) = [ €“*t(x)dx denotes the Fourier
transform of ¢.

(A2) g*#0.
(A3) There exists ¢; > ¢} > 0, y > 0, such that

1+ <|g* ()| 2 <ei(1+2), VteR.
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1+ <|g* ()| 2 <ei(1+2), VteR.

We have :

f(x):L/ e"“xwdu, Vx € R.
en Jr = g*(v)
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Estimation procedure Fourier-Hermite approach

Assumptions

(A1) fand f* belong to L'(R) where t*(u) = [ €“*t(x)dx denotes the Fourier
transform of ¢.

(A2) g*#0.
(A3) There exists ¢; > ¢} > 0, y > 0, such that

1+ <|g* ()| 2 <ei(1+2), VteR.

We have :

f(x):L/ e"“xwdu, Vx € R.
en Jr = g*(v)

Then, we obtain an estimator of f by replacing h by an estimator.
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N = Lo Fourier-Hermite approach
Estimator of f

Set : T
o = (¢j(xk))-n<k<n—10<j<d—1, Vo= ;‘Dfﬂ’d-

The projection estimator of h :

N d—1 (d)
ha=) 3" @,
j=0

ééd) (Y(an)
=(d) ) ¢ 1 T At - )
a = : = (CDdCDd) de@ = E\Ud q)dg? @ - :
5&‘1_)1 y(Xn-1)
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Estimation procedure Fourier-Hermite approach

Estimator of f

Set :

The projection estimator of h :

N d—1 (d)
ha=) 3" @,
j=0

g(d)
o
=(d) t -1 ¢ T 1 >,
a = : = (bg®q) P4¥ = - Va o7, Y=
~(d
3y,
Estimator of

~ 1 4 Rt
f(g)7d(X):—/ e_IUXMdU, > 0.
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Estimation procedure Fourier-Hermite approach

Estimator of f

Set :

The projection estimator of h :

N d—1 (d)
ha=) 3" @,
j=0

3@
0
=(d) t -1 ¢ T 1 >,
a = . = (cbd(bd) (Ddg = E d de@, -
3@
d—1

Estimator of f

- 1 0 K
f(g)7d(X) / e_IUXMdU, > 0.

Performance Of/f\(g),d
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Risk bound of f(y 4
Set ,
— * -2 _ 17/ —iux g%
A(f)=sup g (U)I%, () = 5 e (u)du

|uj<t

Proposition
Under (A1) and (A2), we have

E {Hf(f),d— fHZ} < |IF = fioy 12

.
+A(0) (IIh— ho® + Amax (Vg") [|h = half + 0F —ur ("’cﬂ)) :

w
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Risk bound of fy 4
Set ,
* - 1 —jux gx
AW =suplg" (W] % () = 5 L e (U)o

|uj<t

Proposition
Under (A1) and (A2), we have

E {Hf(f),d— sz} < |IF = fioy 12

d

T
+A(€) (”h_hdnz"‘lmax (\U?) |h—hd||,2,+65ntr(\|l1)> .

w

* Thefirstterm (|[f —fi)[|* = 5 Jju¢|F(u)[Pdu) is the classical bias term.
® The term A(¥) corresponds to the deconvolution aspect of problem.
® The terms in the big parenthesis represent the regression aspect of problem.
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Rate of convergence ?
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Regularity spaces

Definition (Sobolev-Hermite ball)

Lets > 0 and L > 0, define the Sobolev-Hermite ball of regularity s by :

WHD = (0 €L3®), T KAO)<th a(0)= [ 80)e(x)ox

Definition (Sobolev ball)

Recall also that the usual Sobolev ball W%(L) is defined, for s > 0 by

WS(L) = {6 € ]LZ(R),/U +2)%160%(u)Pdu < L}.
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Definition (Sobolev-Hermite ball)

Lets > 0 and L > 0, define the Sobolev-Hermite ball of regularity s by :

WHD = (0 €L3®), T KAO)<th a(0)= [ 80)e(x)ox

Definition (Sobolev ball)

Recall also that the usual Sobolev ball W%(L) is defined, for s > 0 by

WS(L) = {6 € ]LZ(R),/U +2)%160%(u)Pdu < L}.

Note that (see Bongioanni and Torrea (2006))
* Wi(L) c wa(L)
® Wg(L) and W*(L*) coincide for compactly supported functions.
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Rate of convergence

Additional Assumption :
(A4) There exists A > 0 such that : /lmax(\ll;1) < A < oo uniformly in d.
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Rate of convergence

Additional Assumption :
(A4) There exists A > 0 such that : Amax(V3') < A < oo uniformly in d.

Theorem (Rate on Sobolev ball)

Let assumptions (A1) to (A4) hold and h € W7 (L). For dop = [n'/(+7+1)] with
s+7y>11/6 and lopr o n'/25T7H1)  we derive that

sup Bl — 1) = 0 (5757,
fews(L)
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Rate of convergence

Additional Assumption :
(A4) There exists A > 0 such that : /lmax(\ll;1) < A < oo uniformly in d.

Theorem (Rate on Sobolev ball)

Let assumptions (A1) to (A4) hold and h € W7 (L). For dop = [n'/(+7+1)] with
s+7y>11/6 and lopr o n'/25T7H1)  we derive that

sup Bl — 1) = 0 (5757,
fews(L)

° ?(gom)ﬂom converges at a polynomial rate as in density deconvolution for ordinary
smooth noise (see Fan (1991)).

® This rate is not standard and it is specific to the Hermite basis (regression part).
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Rate of convergence

Additional Assumption :
(A4) There exists A > 0 such that : /lmax(\ll;1) < A < oo uniformly in d.

Theorem (Rate on Sobolev ball)

Let assumptions (A1) to (A4) hold and h € W7 (L). For dop = [n'/(+7+1)] with
s+7y>11/6 and lopr o n'/25T7H1)  we derive that

sup Bl — 1) = 0 (5757,
fews(L)

° ?(gom)ﬂom converges at a polynomial rate as in density deconvolution for ordinary
smooth noise (see Fan (1991)).

® This rate is not standard and it is specific to the Hermite basis (regression part).

Choices dppt and Eop, are not feasible in practice ?
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Adaptive for ;) 4 with the GL method

Set ¢ = +/2d.
~ 5 . 1 \/E 7/ux33(“)
flo)(X) = 25),4(X) = E/_me g*(U)du'

2
2
r

max { <||7d' _7d/\d,H2 — Ky V(d/)>+} , Ky > 0

d'ey

V(d) =2(1+24log(n)) GEA(@)M.

We select d :

d:= i {Zd KVd},
arg min. (d) +x2V(d)

where k1 < K» and .#,, a finite model collections.
K1 and x> must be calibrated !
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Oracle inequalities

Theorem

Under (AQ) to (A3) and € sub-Gaussian, for k1 > 12,

N , log(n)
[~ 7)< C jinf, (11F~f,yzq) |+ Fo(el) + V(@) + €222

)

where

Rp(d) :=  max (A(\/Zid’)thE[ﬁd/”F) .

d'eMn,d<d

Iff € WE(L) and he WS (L') with s+vy > 17/6,

)

. - |0g(”)
2
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Oracle inequalities

Theorem

Under (AQ) to (A3) and € sub-Gaussian, for k1 > 12,

)

~ : log(n)
B[~ 7)< C jnf, (I1F~ )|+ Fo(el) + V() + ¢ =2

where

Rp(d) :=  max (A(\/Zid’)thE[ﬁd/]Hz) .

d'eMn,d<d

Iff € WE(L) and he WS (L') with s+vy > 17/6,

)

. - lOg(”)
2

® The two inequalities show that7(5) realizes automatically a bias-variance trade-off.
® The lower bound on ki is enough large.
® The variance o2 must be estimated.

V.
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FIGURE — 20 estimates of?a). The true function is in bold red and the estimates in green dotted
lines for n = 1000.
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Perspectives

©® Conclusion

® Deconvolution estimator is proposed and upper bounds are proved
® Adaptive procedure and oracle inequalities are proved
® Non asymptotic result
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Perspectives

©® Conclusion

® Deconvolution estimator is proposed and upper bounds are proved
® Adaptive procedure and oracle inequalities are proved
® Non asymptotic result

® Perspectives
® Optimality
® Extend the result for random designs
® Consider the multivariate functions

Thank you for your attention!
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